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Abstract
Let k ≥ 1 be an integer and G = (V1, V2; E) a bipartite graph with |V1| = |V2| = n such that n ≥ 2k + 2. In this paper
it has been proved that if for each pair of nonadjacent vertices x ∈ V1 and y ∈ V2, d(x) + d(y) ≥ d 4n+2k−13 e, then for any k
independent edges e1, . . . , ek of G, G has a 2-factor with k + 1 cycles C1, . . . ,Ck+1 such that ei ∈ E(Ci ) and |V (Ci )| = 4 for
each i ∈ {1, . . . , k}. We shall also show that the conditions in this paper are sharp.
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1. Introduction
All graphs considered in this paper will be finite and simple. Let G = (V, E) be a graph, the order of G is
|G| = |V | and its size is e(G) = |E |. For a subgraph H of G and for a vertex x ∈ V (G), N (x, H) denotes the set
of neighbors of x contained in H and d(x, H) = |N (x, H)|. When H = G, d(x,G) is the degree of x in G, often
written as d(x) for simplicity. The minimum degree of G is denoted by δ(G). A set of subgraphs of G is said to be
vertex-disjoint or independent if no two of them have any common vertex in G. For a bipartite graph G = (V1, V2; E),
let δ1,1(G) = min{d(x)+d(y)|x ∈ V1, y ∈ V2} and σ1,1(G) = min{d(x)+d(y)|x ∈ V1, y ∈ V2, xy 6∈ E}. A bipartite
graph G = (V1, V2; E) is balanced if |V1| = |V2|.
Graph partition problems have been considered since 1960s. Corra´di and Hajnal [4] proved that if G is a graph of
order n = 3k with δ(G) ≥ 2k, then G contains k independent triangles. El-Zahar [6] conjectured that if a graph G of
order n = n1+· · ·+nk with ni ≥ 3(1 ≤ i ≤ k) satisfies δ(G) ≥ dn1/2e+· · ·+dnk/2e, then G contains k independent
cycles of lengths n1, . . . , nk , respectively. He proved it for k = 2. Clearly, for a bipartite graph, quadrilateral is the
smallest cycle. Recently, we [11,12] investigated the degree conditions for a graph G to have k independent cycles
containing specified edges, and proved the following Theorems A and B.
Theorem A ([11]). Let G = (V1, V2; E) be a bipartite graph with |V1| = |V2| = n such that n ≥ 2k+1, where k ≥ 1
is an integer. Suppose that σ1,1(G) ≥ d 4n+2k−13 e. Then, for any k independent edges e1, . . . , ek of G, G contains k
independent quadrilaterals C1, . . . ,Ck such that ei ∈ E(Ci ) for each i ∈ {1, . . . , k}.
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Theorem B ([12]). Let G = (V1, V2; E) be a bipartite graph with |V1| = |V2| = n such that n ≥ 2k + 1, where
k ≥ 1 is an integer. Suppose that σ1,1(G) ≥ d 4n+2k−13 e. Then, for any k independent edges e1, . . . , ek of G, G has
a 2-factor with k cycles C1, . . . ,Ck such that ei ∈ E(Ci ) for each i ∈ {1, . . . , k}, and k−1 of them are quadrilaterals.
The sharpness of the degree condition in Theorem A can be found in [11]. In [12], the following conjecture
(Conjecture C in [12]) has been proposed.
Conjecture C ([12]). Let k ≥ 1 be an integer and G = (V1, V2; E) a bipartite graph with |V1| = |V2| = n such that
n ≥ 2k + 2. If σ1,1(G) ≥ d 4n+2k−13 e, then for any k independent edges e1, . . . , ek of G, G has a 2-factor with k + 1
cycles C1, . . . ,Ck+1 such that ei ∈ E(Ci ) and |V (Ci )| = 4 for each i ∈ {1, . . . , k}.
Note that Conjecture C implies Theorem A. In this paper, we will prove Theorem 1, which indicates that
Conjecture C holds affirmatively.
Theorem 1. Let k ≥ 1 be an integer and G = (V1, V2; E) be a bipartite graph with |V1| = |V2| = n ≥ 2k+2, where
k ≥ 1 if n − 2k ≥ 3, and where k ≥ 2 if n − 2k = 2. If σ1,1(G) ≥ d 4n+2k−13 e, then for any k independent edges
e1, . . . , ek of G, G has a 2-factor with k + 1 cycles C1, . . . ,Ck+1 such that ei ∈ E(Ci ) and |V (Ci )| = 4 for each
i ∈ {1, . . . , k}.
Following Enomoto [7], we regard K2 as a degenerated cycle and obtain the following theorem.
Theorem 2. Let k ≥ 1 be an integer and G = (V1, V2; E) be a bipartite graph with |V1| = |V2| = 2k + 1. If
σ1,1(G) ≥ d 10k+33 e, then for any k independent edges e1, . . . , ek of G, G has k + 1 independent cycles C1, . . . ,Ck+1
such that ei ∈ E(Ci ) and |V (Ci )| = 4 for each i ∈ {1, . . . , k} and Ck+1 is a degenerated cycle of length 1.
Note. The following example shows that the condition “if n − 2k = 2, then k ≥ 2” in Theorem 1 is necessary.
Let G = (V1, V2; E) be a balanced bipartite graph consisting of two independent subgraphs P and C , where
P = x1x2x3x4 is a path of order 4 with x1x4 6∈ E and C = v1v2v3v4v1 is a quadrilateral. Suppose that {x1, v1} ⊆ V1.
We define the neighbor set of xi in C as follows: N (x1,C) = {v2, v4}, N (x2,C) = {v3}, N (x3,C) = {v4} and
N (x4,C) = {v1, v3}. Then for any nonadjacent vertices u ∈ V1 and w ∈ V2, d(u) + d(w) = 6 = d 4n+2k−13 e. Let
e = v3v4. It is easy to check that G does not contain two independent quadrilaterals such that one of them contains e.
Since the degree condition in Theorem A is sharp, the conditions in Theorems 1 and 2 are also sharp.
For the case |V1| = |V2| = 2k, Yan and Liu [11] showed that the degree condition δ1,1(G) ≥ 3k + dk/2e
implies G has a 2-factor with k quadrilaterals such that each of them contains one given edge. In [9], Wang proved
if |V1| = |V2| = n ≥ 3k and σ1,1(G) ≥ n + k, then for any k independent edges e1, . . . , ek of G, G has a 2-factor
with k independent cycles C1, . . . ,Ck such that ei ∈ E(Ci ) for each i ∈ {1, . . . , k}. Other corresponding results can
be found in [2,3,5,10,13].
In this paper, all graphs considered are finite, undirected and without loops and multiple edges. Let G = (V, E) be a
graph. For a subsetU of V (G), G[U ] denotes the subgraph of G induced byU . For two independent subgraphs H1, H2
of G, E(H1, H2) denotes the set of edges incident to one vertex in H1 and one in H2 and e(H1, H2) = |E(H1, H2)|.
If H1 = x1 · · · xm is a path, we sometimes write e(x1 · · · xm, H2) instead of e(H1, H2). A k-factor of a graph G is a
k-regular spanning subgraph of G. Clearly, each component of a 2-factor of G is a cycle. A Hamiltonian cycle of G is
a cycle of G which contains every vertex of G. Let e1, . . . , ek be k independent edges of G, and let C1, . . . ,Ck be k
independent cycles containing e1, . . . , ek , respectively, in G, then we say that G has k independent cycles C1, . . . ,Ck
with respect to {e1, . . . , ek}. We say that G has a 2-factor with k cycles C1, . . . ,Ck with respect to {e1, . . . , ek}, if
V (G) = V (C1 ∪ · · · ∪ Ck). Let C = v1 · · · vmv1 be a cycle, we write C = 〈v1 · · · vm〉 for C for convenience.
l(C) = |V (C)| is the length of C . A cycle of length 3 is called a triangle and a cycle of length 4 is called a quadrilateral.
Let r be a real number, we use dre for the smallest integer that is greater than or equal to r . Undefined notations and
terminology can be found in [1].
2. Lemmas
Throughout this section, G = (V1, V2; E) is a balanced bipartite graph. Let e be an edge and H be a subgraph
of G. We say H is an e-subgraph if e ∈ E(H). Similarly, an e-cycle or an e-path is a cycle or path containing e,
respectively. The following lemmas are very useful.
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Lemma 2.1 ([8]). Let P = x1x2 · · · x2t be a path in G with x1x2t 6∈ E. If d(x1, P)+d(x2t , P) ≥ t+1, then G[V (P)]
has a Hamiltonian cycle.
Lemma 2.2. Let P = x1x2 · · · xs be a path in G with s = 2r + d, where d = 0 or 1. Let x0 ∈ V (G) − V (P)
such that {xs, x0} 6⊆ Vi for every i ∈ {1, 2}. If d(x0, P) + d(xs, P) ≥ r + 1, then G has a path P∗ such that
V (P∗) = V (P) ∪ {x0}.
Proof. Clearly, the lemma holds if x0xs ∈ E or x0x1 ∈ E when {x0, x1} 6⊆ Vi for each i ∈ {1, 2}. So we assume that
x0xs 6∈ E and x0x1 6∈ E . Let I = {xi+1|xi xs ∈ E}. Then |N (x0, P) ∩ I | = |N (x0, P)| + |I | − |N (x0, P) ∪ I | ≥
r + 1 − r = 1. It follows that there exists a vertex xi+1 ∈ N (x0, P) ∩ I with i ∈ {1, . . . , s − 3}. Then
P∗ = x0xi+1 · · · xsxi · · · x1 is a path satisfying V (P∗) = V (P) ∪ {x0}. 
Lemma 2.3. Let t ≥ 2 be an integer. Let P = x1 · · · x2t be a path, C1 = 〈v1v2v3v4〉 and C2 = 〈u1u2u3u4〉 be two
quadrilaterals of G with {x1, v1, u1} ∈ V1, such that they all are independent. Suppose that e1 = v3v4, e2 = u3u4
and e({x1, x2t },C1) = 4. If e({x1, x2, x2t−1, x2t , v1, v2},C2) ≥ 11, then G[V (P ∪ C1 ∪ C2)] has two quadrilaterals
containing e1, e2, respectively, and a cycle of length 2t such that they all are independent.
Proof. Since e({x1, x2, x2t−1, x2t , v1, v2},C2) ≥ 11, there is at most one edge absent between the vertex set
{x1, x2, x2t−1, x2t , v1, v2} and C2. By symmetry, we may assume that e({x1, x2t−1},C2) = 4, thus u2 ∈ N (x1,C2) ∩
N (x2t−1,C2). First suppose that N (v2,C2) = {u1, u3}. Then we have two quadrilaterals 〈v1v4v3x2t 〉 and 〈u1u4u3v2〉
containing e1, e2, respectively, and a cycle 〈x1 · · · x2t−1u2〉 of length 2t , such that they all are independent. So we may
assume that d(v2,C2) ≤ 1. Since there is only one edge absent between {x1, x2, x2t−1, x2t , v1, v2} and C2, we have
d(x2t ,C2) = 2. Then G[V (P ∪ C1 ∪ C2)] has two quadrilaterals C1 and 〈u1u4u3x2t 〉 containing e1, e2, respectively,
and a cycle 〈x1 · · · x2t−1u2〉 of length 2t . So the lemma holds. 
Lemma 2.4. Let P = x1x2x3x4 be a path of order 4, C1 = 〈v1v2v3v4〉 and C2 = 〈u1u2u3u4〉 be two quadrilaterals
of G such that they all are independent. Suppose that e1 = v3v4 and e2 = u3u4 and e({x1, x4},C1) = 4. Moreover,
there is at least one edge between {x2, x3} and {v3, v4}. If e(P ∪ {v1, v2},C2) ≥ 10, then G[V (P ∪ C1 ∪ C2)] has
three independent quadrilaterals C ′1, C ′2 and C3 such that e1 ∈ E(C ′1) and e2 ∈ E(C ′2).
Proof. We will find three required quadrilaterals C ′1, C ′2 and C3 in G[V (P ∪ C1 ∪ C2)]. To do this, we consider the
following two cases.
Case 1. e(P,C2) ≥ 7.
In this case, we let C ′1 = C1. Since e(P,C2) ≥ 7, by symmetry, we suppose that e(x1x2,C2) = 4 and
e(x3x4,C2) ≥ 3 and then e(x3x4, u1u2) = 2 or e(x3x4, u3u4) = 2. If e(x3x4, u1u2) = 2, as e(x1x2,C2) = 4, then
let C ′2 = 〈x1x2u3u4〉 and C3 = 〈x3x4u1u2〉. We see that C ′1, C ′2 and C3 are three required independent quadrilaterals
such that e1 ∈ E(C ′1) and e2 ∈ E(C ′2). If e(x3x4, u3u4) = 2, then C ′1 = C1, C ′2 = 〈x3x4u3u4〉 and C3 = 〈x1x2u1u2〉
are three required quadrilaterals.
Case 2. e(P,C2) ≤ 6.
Since e(P ∪ {v1, v2},C2) ≥ 10, e({v1, v2},C2) = 4 and e(P,C2) = 6. If u2 ∈ N (x1,C2) ∩ N (x3,C2), then let
C3 = 〈x1x2x3u2〉, C ′1 = 〈x4v1v4v3〉 and C ′2 = 〈v2u1u4u3〉. Thus G[V (P∪C1∪C2)] has three required quadrilaterals.
Similarly, if u1 ∈ N (x2,C2) ∩ N (x4,C2), we can get the same conclusion. So u2 6∈ N (x1,C2) ∩ N (x3,C2) and
u1 6∈ N (x2,C2) ∩ N (x4,C2), which means that u4 ∈ N (x1,C2) ∩ N (x3,C2) and u3 ∈ N (x2,C2) ∩ N (x4,C2)
since e(P,C2) = 6. By the fact that there is at least one edge between {x2, x3} and {v3, v4}, by symmetry, we can
assume that x2v3 ∈ E . Consequently, we obtain three required quadrilaterals C ′1 = 〈x1x2v3v4〉, C ′2 = 〈x3x4u3u4〉 and
C3 = 〈v1v2u1u2〉 of G[V (P ∪ C1 ∪ C2)]. 
3. Proof of Theorem 1
Let G = (V1, V2; E) be a bipartite graph satisfying the conditions of Theorem 1. By Theorem A, for any k
independent edges e1, . . . , ek , G contains k independent quadrilaterals C1, . . . ,Ck with respect to {e1, . . . , ek}. We
choose such k quadrilaterals C1, . . . ,Ck with respect to {e1, . . . , ek} such that
The length of the longest path of G − V (∪ki=1 Ci ) is maximal. (1)
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We may assume that ei ∈ E(Ci ) for all i ∈ {1, . . . , k}. Set H = ∪ki=1 Ci and D = G − V (H). Let V (D) = 2t , then
n = 2k + t . Clearly, l(Ci ) = 4 for all i ∈ {1, . . . , k} and t ≥ 2. Let P = x1x2 · · · xs be a longest path of D with
x1 ∈ V1 and s = 2r + d, where d = 0 or 1. We first prove the following claim.
Claim 3.1. s = 2t .
Proof. Suppose that s < 2t . We choose an arbitrary vertex x0 in D−V (P) such that {x0, xs} 6⊆ Vi for each i ∈ {1, 2}.
By Lemma 2.2 and (1) we have d(x0, P)+ d(xs, P) ≤ r and d(xs, D− V (P)) = 0. Since d(x0, D− V (P)) ≤ t − r ,
it follows that d(x0, D)+ d(xs, D) ≤ t . By the assumption on the degree condition of G, we have
d(x0, H)+ d(xs, H) ≥ d4n + 2k − 13 e − t ≥ 3k +
k + t − 1
3
.
Since k ≥ 1 and t ≥ 2, this implies that there exists Ci in H such that d(x0,Ci ) + d(xs,Ci ) = 4. That is,
d(x0,Ci ) = d(xs,Ci ) = 2. Let z ∈ V (Ci ) be such that Ci − z + x0 is an ei -quadrilateral, then P + z is longer
than P in G, contradicting (1). Thus s = 2t . 
By Lemma 2.1, if x1x2t ∈ E or d(x1, P)+d(x2t , P) ≥ t+1, then D has a Hamiltonian cycle Ck+1. Consequently,
for any k independent edges e1, . . . , ek of G, G has a 2-factor with k + 1 cycles C1, . . . ,Ck+1 such that ei ∈ E(Ci )
and l(Ci ) = 4 for each i ∈ {1, . . . , k}. So we may assume that x1x2t 6∈ E and d(x1, P) + d(x2t , P) ≤ t . Since
σ1,1(G) ≥ d 4n+2k−13 e, we have that
d(x1, H)+ d(x2t , H) ≥ d4n + 2k − 13 e − t ≥ 3k +
k + t − 1
3
. (2)
The above inequality shows that there exists a cycle Ci ∈ H such that d(x1,Ci ) + d(x2t ,Ci ) = 4 since k ≥ 1 and
t ≥ 2. Without loss of generality, we may assume that Ci = C1. Let C1 = 〈v1v2v3v4〉 with v1 ∈ V1 and e1 = v3v4.
Then N (x1,C1) = {v2, v4} and N (x2t ,C1) = {v1, v3}. If v1x2 ∈ E , then G[V (C1 ∪ P)] has two independent cycles
C ′1 = 〈v2v3v4x1〉 and Ck+1 = 〈x2 · · · x2tv1〉 such that C ′1 is an e-quadrilateral and l(Ck+1) = 2t . Then G has a
2-factor with k + 1 cycles C ′1,C2, . . . ,Ck+1 such that ei ∈ E(Ci ) and l(Ci ) = 4 for each i ∈ {1, . . . , k}. So in
the following, suppose that v1, x2 are nonadjacent. Similarly, we may assume that x2t−1 and v2 are nonadjacent.
If there exists a cycle Ci , i ∈ {2, . . . k}, such that e({x1, x2, x2t−1, x2t , v1, v2},Ci ) ≥ 11, by Lemma 2.3, then
G[V (P ∪ C1 ∪ Ci )] has three independent cycles C ′1,C ′i and Ck+1 such that e j ∈ E(C ′j ), l(C ′j ) = 4 for each
j ∈ {1, i} and l(Ck+1) = 2t . Consequently, G has a 2-factor with k+1 required cycles. So for every Ci , i ∈ {2, . . . k},
e({x1, x2, x2t−1, x2t , v1, v2},Ci ) ≤ 10, we have
e({x1, x2, x2t−1, x2t , v1, v2}, D ∪ C1) ≥ 4n + 2k − 1− 10(k − 1) = 4t + 9. (3)
On the other hand, let P1 = v2x1 · · · x2t−1. Since there is an e1-quadrilateral 〈v1v4v3x2t 〉, by Lemma 2.1, we may
assume that d(v2, P1)+d(x2t−1, P1) ≤ t . Similarly, let P2 = x2 · · · x2tv1, we may assume that d(v1, P2)+d(x2, P2) ≤
t . As e({x1, x2t },C1) = 4 and d(x1, P)+d(x2t , P) ≤ t , we have e({x1, x2t }, D∪C1) ≤ t+4. By the same argument,
we have e({v2, x2t−1}, D ∪ C1) ≤ t + 4 and e({x2, v1}, D ∪ C1) ≤ t + 4. Consequently, we obtain
e({x1, x2, x2t−1, x2t , v1, v2}, D ∪ C1) ≤ 3t + 12. (4)
Combine (3) with (4), we see that 4t + 9 ≤ 3t + 12, which implies that t ≤ 3. If t = 3, then the equality holds
in (4) and d(x1, P) + d(x6, P) = d(v2, P1) + d(x5, P1) = d(v1, P2) + d(x2, P2) = 3 and e({x1, x6}, D ∪ C1) =
e({v2, x5}, D ∪ C1) = e({x2, v1}, D ∪ C1) = 7. Thus, x2v3 ∈ E and x5v4 ∈ E . If x2x5 6∈ E , then v2x3 ∈ E
and v1x4 ∈ E . Consequently, G[V (D ∪ C1)] contains two independent cycles C ′1 = 〈v3v4x5x6〉 and Ck+1 =〈x1x2x3x4v1v2〉 such that e1 ∈ E(C ′1) and l(Ck+1) = 6. Therefore, G has a 2-factors with k + 1 required cycles
C ′1,C2, . . . ,Ck+1. So x2x5 ∈ E and then v2x3 6∈ E and v1x4 6∈ E since e({v2, x5}, D∪C1) = e({v1, x2}, D∪C1) = 7.
Now consider three pairs of nonadjacent vertices {v1, x4, }, {v2, x3} and {x1, x6}. It is a routine work to check that
e({x1, x6, x3, x4, v1, v2}, D ∪ C1) ≤ 20 since D does not contain a cycle of length 6. Therefore,
e({x1, x6, x3, x4, v1, v2}, H − C1) ≥ 4n + 2k − 1− 20 = 10(k − 1)+ 1.
That is, there exists a cycle Ci ∈ H − C1, say C2, such that e({x1, x6, x3, x4, v1, v2},C2) ≥ 11. We are to show that
there are two ei -quadrilaterals C ′i for i = 1, 2 and a cycle Ck+1 of length 6 in G[V (C1 ∪ C2 ∪ P)] such that they all
are independent and then G has a 2-factor with k + 1 required cycles, completing the proof of the case t = 3.
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Let C2 = 〈u1u2u3u4〉 with u1 ∈ V1 and e2 = u3u4. Note that since e({x1, x6, x3, x4, v1, v2},C2) ≥ 11,
there is at most one edge absent between {x1, x6, x3, x4, v1, v2} and C2. By symmetry, we may assume that the
absent edge is between {v2, x4, x6} and {u1, u3}. If d(v2,C2) = 2, then C ′1 = 〈x1x2v3v4〉, C ′2 = 〈v2u1u4u3〉 and
Ck+1 = 〈u2x3x4x5x6v1〉. Otherwise, d(v2,C2) = 1. If v2u1 ∈ E , then C ′1 = 〈x5x6v3v4〉, C ′2 = 〈v1u2u3u4〉 and
Ck+1 = 〈u1v2x1x2x3x4〉. If v2u3 ∈ E , then C ′1 = 〈x5x6v3v4〉, C ′2 = 〈u3u4v1v2〉 and Ck+1 = 〈x1x2x3x4u1u2〉.
Suppose that t = 2. By the condition of Theorem 1, in this case k ≥ 2. By the same argument, x1x4 6∈ E , x2v1 6∈ E
and x3v2 6∈ E . In this case, by (3) and (4), we have 17 ≤ e(P ∪ {v1, v2}, D ∪ C1) ≤ 18. If k ≥ 3, then
e(P ∪ {v1, v2}, D ∪ C1) ≥ 4n + 2k − 1− 18 = 9(k − 1)+ k − 2. (5)
This implies that there is a cycle Ci ∈ H − C1 say Ci = C2, such that e(P ∪ {v1, v2},C2) ≥ 10. Similarly, since
k ≥ 2, if e(P ∪ {v1, v2}, D ∪ C1) = 17, we can also get that there is a cycle Ci ∈ H − C1, say Ci = C2,
such that e(P ∪ {v1, v2},C2) ≥ 10. It is easy to check that there is at least one edge between {x2, x3} and
{v3, v4}. By Lemma 2.4, G[V (P ∪ C1 ∪ C2)] contains three independent quadrilaterals C ′1, C ′2 and C3 such that
e1 ∈ E(C ′1) and e2 ∈ E(C ′2), and then G has a 2-factor with k quadrilaterals C ′1,C ′2,C3, . . . ,Ck with respect to{e1, . . . , ek} and a cycle Ck+1. So in the following we consider k = 2 and e(P ∪ {v1, v2}, D ∪ C1) = 18. By (4),
e({x1, x4}, D ∪ C1) = e({v2, x3}, D ∪ C1) = e({x2, v1}, D ∪ C1) = 6 and so x3v4 ∈ E and x2v3 ∈ E .
In this case, since σ1,1(G) ≥ d 4n+2k−13 e, we have e({x1, x4},C2) ≥ 3, e({v1, x2},C2) ≥ 3 and e({v2, x3},C2) ≥ 3,
which implies that e({x1, x3, v1},C2) ≥ 5 or e({x2, x4, v2},C2) ≥ 5. By symmetry, suppose that the former holds
and so there exist {u, v} ⊆ {x1, x3, v1} satisfying e({u, v},C2) = 4. It is a routine work to check that the three
cases e({x1, x3},C2) = 4, e({x1, v1},C2) = 4 and e({v1, x3},C2) = 4 are symmetric in the sense that we discuss
e({x1, x3},C2) = 4 under an e1-quadrilateral C1 and a path P , we may discuss e({x1, v1},C2) = 4 under an e1-
quadrilateral 〈x3x2v3v4〉 and a path x1v2v1x4 and we can discuss e({v1, x3},C2) = 4 under an e1-quadrilateral
〈x1v2v3v4〉 and a path v1x4x3x2. So we only need to consider that e({x1, x3},C2) = 4. We are to show that if
G[V (P ∪C1 ∪C2)] does not contain three independent quadrilaterals C ′1,C ′2,C3 such that e1 ∈ E(C1), e2 ∈ E(C2),
then we may get a contradiction. Let C2 = 〈u1u2u3u4〉 with u1 ∈ V1 and e2 = u3u4. Since N (u2, P) = {x1, x3}, set
C3 = 〈u2x1x2x3〉. If d(v2,C2) = 2, then C ′1 = 〈x4v1v4v3〉 and C ′2 = 〈v2u1u4u3〉. If d(x4,C2) = 2, then C ′1 = C1 and
C ′2 = 〈x4u1u4u3〉. Otherwise, d(v2,C2) ≤ 1 and d(x4,C2) ≤ 1. It follows by v2x3 6∈ E and x1x4 6∈ E that d(v2) ≤ 4
and d(x4) ≤ 4, respectively. If u1 ∈ N (x2) ∩ N (x4), then C ′1 = C1, C ′2 = 〈x1u2u3u4〉 and C3 = 〈u1x2x3x4〉. By the
same argument, If u1 ∈ N (v2)∩ N (x2) or u1 ∈ N (v2)∩ N (x4), we can get C ′1, C ′2 and C3. So e({x2, x4, v2}, u1) ≤ 1
and d(u1) ≤ 4. Thus there exists a vertex w ∈ {v2, x4} such that wu1 6∈ E . Note that d(w) ≤ 4 for each w ∈ {v2, x4}.
We get d(w)+ d(u1) ≤ 8, this contradicts σ1,1(G) ≥ 9. Thus Theorem 1 has been proved. 
4. Proof of Theorem 2
Let G = (V1, V2; E) be a balanced bipartite graph satisfying the conditions of Theorem 2. By Theorem A, for
any k independent edges e1, . . . , ek , G contains k independent quadrilaterals C1, . . . ,Ck such that ei ∈ E(Ci )
for all i ∈ {1, . . . k}. Suppose that G − V (∪ki=1 Ci ) does not contain an edge. Let u, v be its two vertices. Then
d(u,∪ki=1 Ci )+d(v,∪ki=1 Ci ) ≥ d 10k+33 e ≥ 3k+1. This implies that there exists Ci such that d(u,Ci )+d(v,Ci ) = 4.
It is easy to see that G[V (Ci ) ∪ {u, v}] contains an ei -quadrilateral C ′i and an edge e such that they are independent.
Replace Ci with C ′i , then G contains k independent quadrilaterals C1, . . . ,Ck with respect to e1, . . . , ek and an edge
e such that e is independent to all of the k quadrilaterals. So Theorem 2 holds. 
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